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Abstract

We consider the existence of a solution for the point-source spherical blast wave propagation caused by instantaneous
explosion in case the ratio y of the specific heats of the gas is 7. No similarity solutions of the Euler equations satisfy the
conservation law on the shock front, so far as the atmospheric pressure ahead of the shock is not negligible. To describe
the initial state, it can be used that the total amount of energy carried by the blast wave is constant and we use the condition
of zero gas velocity at the center. By a hodograph transform this free boundary problem is converted into an eigenvalue.
The problem for a system defined on a bounded rectangle such that this initial state assumption is satisfied. The solution
is prescribed in the form of a power seties expansion in one of the variables y = /4 for front shock speed # and sound
velocity ¢. Its convergence is shown by applying the fixed point theory of contractive mapping defined through lineatization
of the system. Our solution is local in y and exact there.
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Formal expansion solution ([4]) of the above system as:

XZZ y"X(") (x)
n=0

Introduction

The Taylor-Sedov-Neumann (TSN) self-similar solution for
atomic explosion |7] is an ap-proximate solution of a gas dynam-

(1.4

ics equations system to represent blast wave propagation from a . . . .
q y P propag can be determined successively starting from the TSN solution:

point source explosion. The point source blast wave theory [4] is XO (2 by substituting the above expression to Eq. (1.1) and using

to provide in extending it to have its solution for wider applicabil- the conditions (1.2) and (1.3).

ity in PDE system:
TX=0 11 Approximate solutions with a few beginning terms of (1.4) have
B (1.1 been utilized widely for various applications [4, 1] such as for blast

fi dinary explosions, hy ic fl blems, and
to the variable X and the parameters (4, y) where a = 0, 1, 2 is the wave Lrom ofdinaty expiosions, fypersonic How problems, and 5o

space dimension minus one and p is the ratio of specific heats

with 1 <y < 10; X = {fix, ) (5 2) bl ) Ap)} with f; g, b
and A corresponding respectively to the velocity, the pressure, the

on, in promoting to have better approximation by adding more
terms in the series of (1.4). In fact, they have been found as high
as n = 0. These, together with pure mathematical interest arise
naturally the question of convergence of the series to the exist-
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ence of the solution [5, 3]. In [3] it is proved that the series in
Eq. (1.4) converges for y <y~ for a certain small y, and the limit

function is a solution of the system given by (1.1), (1.2) and (1.3).

Its process: a Banach space is introduced in the form of conver-
gent series expansion as in Eq. (1.4) and the system is converted
into the one which determines a mapping in this space ; the map-
ping is then shown to have the property of contraction in a closed
ball in the space for y <y and the existence of a fixed point in
the ball, hence the existence of the solution of the original system
for y <y follows immidiately. In this process, the patt to estimate
the solution X® (x) for general n is the most hard since X® (x) is
not presctibed exactly if (a, ) # (2, 7). (In [3] the approximate
solution is prescribed with fuction &n in [(5.17), 3], but &n is not
exactly given.)

In this connection, we consider here the special case of a = 2,
7 =7 (see [2]), to which X (x) becomes simple to give, and the
equation to determine X® (x), after approptiate transformations
can be reduced to an ODE of constant coefficients, so that the
determination of X®(x) in compliance with the conditions of
(1.3), (1.4) is almost straight forward and X® (x) is given exactly.

Transformation

Our problem is prescribed as

——f+(f X) fe + 22, =——gv,

vh
af
-Ag+(f-x)g, +Ayg, =-vg(f. + —

(f =0, +Aph, ==h(f, + %L,

@.1)
for (x, y) & (0, 1) X (0, 1) with the boundary condition
2(1- 2 1
Fa0)=20 )=y )
y+1 y+1 2y
h(l, y) = 7_”(1 +iy]
y-1 y-1 2.2)
with the initial condition
fo= lx,g0 = zx3,ho = ix,/'L(O)ZOHI
and with condition
S 0,9 =0. @2.4)

Here (2.3) is the similarity solution for (o, ) = (2, 7). This is an
eigenvalue problem such that eigenvalue A(y) must be assigned so
as to satisfy (2.4). (See [3] for the details.)

We transform the unknown functions (f, g, 4, A) to (D, ¢, y, /\) by
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S, )= fo(x)+ y(x = f,(x)p(x, y),
g(x,y) =g, (x)(1+w (x,)),

h(x,y) =hy ()1 + yx (x, ),

A(y) =(a+ D)1+ yA)). 2.5)

Changing variable x to 1 by

[ dx
T= j —Zlog X,
x X7 Jo(X) (2.6)
The system (2.1)-(2.4) is transformed into
ARX (n)) + B() X (v)) — [+ DyIXy (1, y) + A0)q=rY(.0),
X 0.)=C0),
D (1, ) is bounded on 1, 2.7
for 0 <t <, 0<y<1. Here
a+l fy .
¢ 2 x—/, |
X=\y |,q= o+1 ,C= —yz— ,
/4
0
x 2
(y 1) +2y
1 L 0
-1 00 vE
=0 1 0,A=|y -1 0],
0 01 1 0 -1
0 R R
B= —(a +1)(;/—1) —(a +1) 0 ,
(a+1) 0 (a+1)
(2.8
where
h (x f ) Coa+l
E=_0\" JoJ 2 = ZT_Jo
&o 0= fo 2 R=h 2 x—/

Here the nonlinear term Y= is given as

SR
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(A+Z+A1){¢ ——+Q¢+R(w 2)-%H o A}
vE

T2 xo fo
+¢{¢,+(1—t;;)¢——A}(l+yx) 29, +0p— AT
1 {A{wﬁwr*(a*l)(w 1)g+y - A}}

L yA | —py, —rpy +(a+1)(y —1) gy

(A6 -2.)~(92), +(a+Dg(z-A)]

1
(1+y/\)(1+y;()

Y, =
a+l fy

xffo)

Y, =

Y =

1+yA

2.9)

The boundedness of @ is required by (2.4).
For case (a4, y) = (2, 7), it follows that
E=3/7,0=1,R=3/4 (2.10)

where cofficients A, B in Eq.(2.7) are independent of 7.

Main Theorem

We here state the local existence for the system (2.1)-(2.4). The
solution is prescribed as a fixed point of contractive mapping on
a Banach space.

Series Expansion

We here represent solution (X (7, 3), A(3)) of (2.7) as power series
expansions in the form of

=Y X, @y A =D A",
n=0 n=0

(3.1
for a given function Y(z7, ) of the form
Y(z,9)=2Y,(¢)y",0<y<y,

n=0 (3.2)

i

for some y ¢ (0, 1). Substituting into (2.7), the coefficients of y
satisfy the linear ordinary differential equation
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B, =B—n(a+1)],

4, X,
X, =y, .Y, =| %, .Y, =0.
Y,
Xn 3.n (35)

Local Existence

We define a Banach space as follows. For 1 ¢ (0,0) and y ¢ (0,
1), let

Q=0(y) = {X=(.v, 1, A) € 2y x Q) x Qx| | Xi<e0}

(3.6)
IXI1 = 11l + 1yl Hizlly HIATL
Q,=Q, (v)= {rf»\wy 2¢ )y",ysmec‘(o,w),nwom},
191l —Zsup(ws )+, @)]) ™"
Q=0,(y)= {Am ZAny YEIIAL =S A b <oo}
n=0 3.7

We can easily see that € is a Banach space. For X e Q, let "X ¢
Q be the solution of (2.7) with nonlinear term Y = Y(X) and let
T : Q —— Q be a mapping defined by "X = TX The following
lemma yields the unique existence of the fixed point of T.

Lemma 3.1 For R>0and ye
<R}.

0, 1), let B, = {X = Q| [|X]|

(i) There exist R, > 0 and —J/o R & O, 1) such that T(B, ) & By,
(i) T is contractive on By, ie., there exists a constant | £ (0, 1) such
that

11X, ~TX, || < /1%, - X, ],

forall X, X e B, .

See [3] for the proof.

AXn +B,=—-Ag+Y, ,0<7 <00 Since the convergence of a solution is in y, the solution X (7, y) is
continuous in y. Thus our solution X (7, y) tends to the similarity
Cl,n solution as y — 0.
X (0)=C, =|C, |,n=012,.., S
’ Theorem 3.2 There exists a unique solution [ (x, y) for the system (2.1)-
C3’ ,, 23 (2.4), in [0, y] for some y e (0, 1), which tends to the similarity solution
. . . L. , o0, , as y — U, provided that (a, = (4 /) oreover it
e e coeicions of e b(') 0, 40, 10)) as y —> 0, provided that (@, y) = (2, 7). Moreover i
where C the coefficient of expansion in y of C is given by Sollows that
Co=-1C,=0(n=1) If(59) — ()| < Cw,
r-1_3 -
C,= e = - C,,=0(nz=1) Sorany xe (0, 1) andye (0, ) with C = Cy, f,).
; y ,
7 Y 1y Solution For The Transformed System
-2 ()
y -1 3 (3.4) In parallel to [3], y, is given as
and C — Sn_¢n+(n+2)l//n
n b
(n+2)y -1 @1
where
Takahashi S (2015) Analytical Solutions for the Point Source Spherical Blast Wave Propagation with y = 7. Inz | Aeronauntics Aerospace Res. 2(1), 21-26.




S, =N,A, +S.,

N = —M(l _e—(a+l)(n+1)r)
! n+1 ’

Lgv"(Yn—l’cn)

e?(aﬂ)(nﬂ)r Ie(a+l)(n+l)x {_((n_kz)y_])ylnil +(n+2)Y2,,,,1}dS
= ) .

+C,, —(n+2)C, , + ((n + 2) y— 1) G,

4.2)
For Un(t) = (pn(t), ¢n(t)), it follows that
U, (£)+D, (1)U, (z) = E, (£)(0 <7 <<0)
U (0)= Cu
"( )_ C2n
: 4.3)
b F
Here, Dn (‘L') = [j: d’;jand F; (T) = Fi'z are given
as ’
e[ L]
D, (T)=§ yE | Dn (‘L’)
- 1
~ an by
D, = .
=2 %)
R n+2
_ 0+n(a +1)+7(n+2)y_1 Ril_(n+2)y—lj

(e +1)(y -1)

—(a+1)(n+1) 4

and a nonhomogencous term is of the form

1
E |-1 — |-
Fn(r)zﬁ yE Fn(T),
-y 1
~ F -4t — =" Y +7R§"
Fn(r)=[~l"’J= ' (n+2);/—1 A, + bt (n+2)y71
Fan
" —q, Yz,n—l (45)

In case (q, p) = (2, 7),
3 3 n+2
Dn—i[l ;] 1+3"+4{7(n+2)-1} 1[177(;”2)71]
1 -18 3(n+1)

3 (-84n—184)(n+2)+1  (-282-42)(n+2)-1
B [(—588n—616)(n+2)—89 (—21n—217)(n+2)+27] 4.6)

Fundamental Solution

We first recall the solution of

vspu-Fp=|*?
c d
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Denoting

~(a+d)+(a+d) —4(ad - be)

pl = 2 ’

~(a+d)=(a+d) —4(ad - be)

P, = ’
2 4.8)

fundamental solution ® =@ = (Ul / Uz) for (C,C) = (1, 0),
(0, 1) is given by

¢l ﬁleplf + ﬁzePZT

Ul = -~ = T T
l//l _ﬂlriepl + ﬁZVZepz
172 = ¢2 — 518’711 +526p21
v, -orne™ + o,re™
where
ﬁzl_p1+aﬁ:pl+a5: b 5 = b
‘ n-p, " p-p, " p-p, 7 p-p
. )2 -&-a,r2 _pta
b b 4.9)
For
F
1
o =po, - B0, F :(
F,

it follows that
o (1’) JZ O (s) F (s) ds

A N P T A

?\l/ ?12/ IO e‘]’lée—Pzé l’llj ?2 ( ] dS
v v, v, 9 A2

the solution of (4.7) is given by

F (T) = (Clﬁl + C251) - GJ {rzFl + Fz}e_plsds
0
F,(r)=(CB, +C8,) + O']E {hF, + F,Je " ds
0 (4.10)

Assignment of Eigenvalue

In (4.6),(a,+d)* —4(ad —be)y>0and pp,=ad — be <0 for

all # e N, which yields p, < 0 < p. That is, we consider the cond-

tion for the boundedness of | U | in (4.10), so that @(t, y) in (2.7)

is bounded on 1, provieded that ¢’ — o, #* — 0 as t — . By

2, <0, the boundedness of F, and F, yields | ¢P*F, | < o since
T

| & j e "*ds | <. In order to apply to Fn in (4.5) later, for
0

C .
Um:@j (4.7) letting
: 4.7)
provided that D satisfies (¢ + d)*> — 4(ad — be) > 0.
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_Fl Gl +H1
\F) G, H,

(4.11)
we consider the condition of A which yields the boundedness of

| @7F (1) |. We show the boundedness of | &'F (1) |, provided
that F,(20) = 0 in (4.10). Tn fact, F,(0) = 0 in (4.10) implies that

F, }e‘p “ds

(4.12)

Thus the boundedness of F7 and F2yields | ¢"F (1)

o0

| < oo, since

| & Ie_p‘sds | <. In order to F,(®) = 0, A is now assigned

T
as follows,

F, (oo) = (C]ﬁl + C251) - G]: {rzF1 + Fz}e_”‘sds
=(CB +C5,)- /\GTep‘S (nG, +G,)ds

0
= —GT - (rH + H )d
=0 0 4.13)
that i,

(CB, + C251)+GT " (rH, + H,)ds
0

AN\ =

oj " (nG, + G,)ds
4.14)
Estimates for the Solution

In (4.6), we note thata, b ,c,d <0anda,b,c,d = O(n) as n—

T 2 S
o, that is, lim —= is nonzero constant and so on for b,c,d. For
n—»0 n

—(an + dn) + \/(an + dn)z - 4(andn - bncn)

' 2
~(a,+d,)~\(a, +d,) —4(ad, - be,)
p2,n = 2

ppn>0>ponand p,m pn
defined in parallel to (4.9) and satisfy

= O(n). Constants 3, , 8, .5, ,5, are

1,0 “2n

gln’ BZn’ 81 >0 8 <O
gln’ B2n = O(l)’ 81 . 2n - O(l) (5'1)
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thatis, B . B I S o 2” are bounded with respect to n. For F o Fz,,,

in (4.5), A is defined as in (4.14). In parallel to (4.10) with (4.12),
it follows that

U, =" [_1 ]GI (R, + By e ds
1,n T

1 . o
+et (—r j{cl,nﬂl,n +G,.05,, + o_nJ.{rl,n o T, n} e ds}
0

2 (5.2)
where
o,=8,5, 8,8, =98, <00 =0(). (5.3)
r, , 1, arealso defined as in (4.9) and
t, .1, = 0,1, >0. (5.4

Estimates for A_

In case (&, y) = (2, 7), (4.5) implies that F = G A_+ Hn with

G M, =3
G, (T): . :é 2 M, = > N,,
G,,) 4 13 4{7(n+2)-1

M, ==
3 vl

Y, -8+ =,

H,) 3| " 4{1(n+2)-1 ENE
H,(v)= H | 4 3 ~

2m S +7

=77, *7W R A

Since — (3/26) < M, < 0 by (4.2), we see

9 18 39 101
=<6, <-——,——<G,, <-——
( 8 13 8 26 (5.5)
X
Applying inequality x+y < U + M fora,b>0to Ande
a+b| a

fined as in (4.14) yields

P18 ~PiuS
I e ds je ’ ds
1, 2,
‘ ‘ ‘Cl,nﬂl n T Cz »151 n 0 " 0 !
S . + + ~
76n'[ e "G, ,ds 7_[ P G] ds 7.[ e "G, ,ds
0 0 0
e ‘C
Vf + sup‘H ‘+ sup|H
720
p],n

with absolute constant C > 0 by (5.1), (5.3) and (5.5). Although
p,, can increase with order Ofn), C, ,C, =0 forn =1 by (3.4),

2
which implies that (|C, |+]C, | )pm is bounded. By (4.2), we see

3
4{7(n+2)—1}‘ <l [l v, ‘Jr 3(n+1 (UP‘YZ‘“SUP‘Y}‘D (5.6)
which yields
sup|H, |+ suplH, |
20 20
< c[\qm\ e supl |+ supls, |5l s{gop\yw,l\] .
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We finally obtain

< o, (0)+ )

v, (0) +|x, (0)] + sup

720

(5.8
Estimates for X_

By (5.2), it follows that

)+ ‘a‘{% - %} [1’2,” sunp\FI,”\ + squFMJ
\n 20 T2 72

+1|C,

n

6, (c) < c(/c..,

< C[C,,” + ‘Cz,” - i ] [Sl;lop Fl,n‘ + sthpFM]]

i, ()= (b + b,

Since |F; , S‘G,.,n A, +‘H,.,n fori=1,2,(5.5), (5.7) and
(5.8) yield

sup|f;,| = € {6, (0) + v, (0) |5, 0) + sup|r., (v)

(5.9)

We now obtain that

4, (7) v, (0) +

I
n+l1

v.(e) = cfl (0]

(5. (0)+ supl. (T)D} (5.10)
Eq.(@.1) with (5.6), (5.8) and (5.10) yields

1
%, (0)]+-—sup

(o) <l (0 <y, 0) L))

G.11)
Estimates for X',

Although D = O(#), noting (3.4), by (4.3) with (5.10) and (5.9),
it follows that

I

6. (2ol () = €6, 0) o, (0) s, 0] = suply,. (0)]

By (3.3), we see

v, (0)‘ + (n + 1)

X, (0)\ +sup

720

v, (f)\}

Here (n + 1) | (0) | is bounded by (3.4).

We conclude that

IX,,IX <L (c+suplY, (7))

720

with absolute constant 1.1 and C. Here constant C depends only

https://scidoc.org/IJASAR.php

on X (0).

Eq.(2.5) implies that
‘f(x,y) -/ (x)‘ < Cxy

foranyx e (0, 1) and ye (0, j) with C= C (a p, /).
Conclusions

We has shown the existence of a solution for the system (2.1)-
(2.4), provided that (o, y) = (2, 7). The existence in this paper
is local in y, i.e., in [0, ] for some ye (0, 1) and the solution is
continuous in y, namely, it tends to the similarity solution as y —
0. The approximate solutioin is given exactly.

In order to consider this problem, it is usual to apply a hydrody-
namic code. Since this result can be used as its exact initial cond-
tion, we can use this result as an accuracy test to hydrodynamic
code computations. Also we can utilize our results to consider the
explosion in the water.

There are some more yet to be considered:

1. The problem of extending the present local solutions to a glob-
al one;

2. The existence of solution to the original gas dynamic equation
in establishing its relation.

with the present solution of the basic equation (1.1), which is
obtained by the blast wave transformation [4] or a hodograph
transformation to the original equation.
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